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Lesson Overview

In this lesson, students will collaborate on an experiment to determine the
relationship between the mean value of a set of data and the center of gravity
of a stick. As this lesson relates a mathematical concept to a physical reality,
the students will use conceptual and computational skills as well as physical
tools to explore the relationship between the world of mathematics and the
physical world.

Specifically, in this lesson, we ask students to recall that the average of a set of
numbers is often referred to as the balance point. We then ask them to perform
an experiment to test if this balance point is the same as the center of gravity.
The students must then resolve the conflict between what is mathematically
true and what is actually true.

Prerequisite Knowledge
To meet the goals of this lesson, students must be able to

% perform basic calculations with rational numbers represented as fractions
or decimals;
calculate the mean value of a set of numbers;
represent a real-life situation with a numerical or algebraic expression;
use a meter stick to measure length to the nearest tenth of a centimeter;
work collaboratively in small groups.
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This lesson is desighed to enhance a unit on the measures of central tendency
for grades 7 and 8. However, a teacher can easily adapt it for lower grades to
be an introduction to calculating averages. Alternatively, a teacher can adapt
this lesson for high school classrooms to further introduce ideas from calculus,
physics, and engineering.

This lesson is not designed to show how the mean value can be used for data
analysis; rather, this lesson treats the concept of mean value as a vehicle that
can be used to transition between mathematical problem solving and problem
solving in the real world.
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Lesson Goals
After participating in this lesson, students will be able to
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articulate the relationship between the world of mathematics and the
physical world;

demonstrate understanding of the center of gravity and how it relates
to the mean value;

collaborate with their peers to solve a complex problem and make an
informed prediction;

apply the calculation of the mean to a real-world situation and use that
calculation to predict the location of the center of gravity.

Assessment of Achievement
Students will demonstrate their achievement of the lesson goals by
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participating in whole-class and small-group discussions of key
guestions;

collaboratively completing the Group Task document;
individually completing the Individual Understanding document.

The Common Core State Standards for Mathematics

CCSS.MATH.CONTENT.7.EE.A. Use properties of operations to generate

equivalent expressions.

1.

2.

Apply properties of operations as strategies to add, subtract, factor, and expand
linear expressions with rational coefficients.
Understand that rewriting an expression in different forms in a problem
context can shed light on the problem and how the quantities in it are
related.

CCSS.MATH.CONTENT.7.EE.B. Solve real-life and mathematical problems using

numerical and algebraic expressions and equations

3.

Solve multi-step real-life and mathematical problems posed with
positive and negative rational numbers in any form (whole numbers,
fractions, and decimals), using tools strategically. Apply properties of
operations to calculate with numbers in any form; convert between
forms as appropriate; and assess convert between forms as appropriate;
and assess the reasonableness of answers using mental computation
and estimation strategies.

Use variable to represent quantities in a real-world or mathematical

problem, and construct simple equations and inequalities to solve
problems by reasoning about the quantities.
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The Common Core Standards for Mathematical Practice

Make sense of problems and persevere in solving them.

Reason abstractly and quantitatively.

Construct viable arguments and critique the reasoning of others.
Model with mathematics.

Use appropriate tools strategically.

Attend to precision.

Look for and make use of structure.

Look for and express regularity in reasoning.

®NOGA NN

In collaboratively solving several problems, students will be successful only if
they attend to all eight standards for mathematical practice. For example,
students should note how attention to precision in measurement can change
the value of a result, as can a careful and deliberate use of available tools,
including good management of group roles within a collaborative exercise. The
lesson assessment demands that students communicate both rational
arguments as well as personal understanding of concepts. In addition, the
students must recognize that the structure of a familiar calculation can be
adapted to apply to a new and different situation.

Lesson Details

Time Required [90 minutes]
Properly presented with good opportunity for summing up, this lesson will take
90 minutes, a little less than two 50-minute class periods.

Materials
% Balsa-wood sticks, 0.5” X 0.25” X 36” with one end marked as a
reference point for measurements, one for each group
% Wood blocks to use as fulcrums, one for each group. Mark a center line
on the top of each fulcrum to aid in precision.
3.25” clothespins, five for each group
Meter sticks, one for each group
Basic calculators, at least one for each group
Writing utensils
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Group Task documents, one for each group, attached (page 15-16)

Individual Understanding documents, one for each student, attached

(page 17-18)

“ Image of Embry-Riddle University Weight and Balance pre-flight
document, attached (page 20)

% Image of meter stick to check measurement practices (page 21)

Optional Materials
To demonstrate center of gravity in non-uniform objects and in moving
objects:

Model airplane

Shovel

Projector/computer to show video of Simone Biles vault dismount
found online at https://m.youtube.com/watch?v=owHmsXXIsRo
1.75” clothespins for additional problem solving

R/ R/ R/
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Note: The weight of the balsa wood stick as compared to the weight of one
clothespin will be important to the solution of our main problem. We used
digital scales in our science department to get an approximation that one balsa-
wood stick has a weight that is 1.3 times that of the clothespins that were used.
You may use this number or re-check your specific materials.

Class Preparation

Have the students arranged and seated in groups of 2-4. Each group should
have a large surface (two adjacent student desks or a table) for working. As
an optional, pre-lesson exercise, you may have the students view the Simone
Biles video and ask them what the announcer is referring to when he says we
should “watch her center of gravity.” Why would that be important?



Activity 1 [10 minutes]

o

Overview

In this activity, we quickly review some basic ideas about averages of numbers
and then introduce the concept of center of gravity.

The teacher will lead the class in a calculation of average and a discussion of
the average as a balance point. The teacher will then introduce center of
gravity as a property that applies to all real-world objects. The class should
then discuss what might be some differences between a balance point within a
mathematical calculation and the center of gravity of a real-world object.

Teaching
Distribute the Group Task documents, the printed photographs, the balsa-wood
stick, the meter stick, fulcrum, and clothespins to each group.

Have the students complete the calculation:
Find the average of the following three numbers: 3, 4, and T11.

Once you’ve all agreed on the result 6, note that the average of a set of numbers
is often called the balance point of the set.

Ask: Why do you suppose we would call it that? What are we balancing?
To support student ideas, display the following diagram and explain that the
average is the balance point because, if we find the distances between the

numbers and the mean, the sums of those distances on each side of the mean
are equal. In the diagram, the distances are in red.

11 East 26" Street, New York, NY 10010 momath.org 7
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Balance Point Fulcrum

You may also relate that in physics and engineering these distances are called
lever arms and they are related to torque, which is a measurement of the
tendency of an object to want to rotate. One side of the fulcrum wants to rotate
clockwise; one side wants to rotate counterclockwise. Since the object is not
moving, we know the torque values in both directions are equal and opposite;
the object is balanced. If an object is balanced, the forces acting on it are in
equilibrium.

Tell the Students

“As mathematics students, we live in two worlds: the math world and the real
world. While the idea of average as balance point seems to make sense in the
math world, today we will investigate whether that idea works in the real world.
Center of gravity is the real-world version of a balance point. The center of
gravity (CG) of an object is the location of the average weight of the object. It
is the one place where we can support all the weight of the object. At the CG,
the object is balanced.”

Demonstrate the principle of the center of gravity by showing it in a few
objects: a shovel and a model airplane are good examples.

Center of gravity is particularly important for pilots. In fact, before each flight,
a pilot needs to perform calculations involving the center of gravity to make
sure the weight distribution on the airplane will keep the plane stable. Show
students the attached example from Embry-Riddle Aeronautical University
(page 20).



Overview

In this activity, students will first agree on a level of precision for measurement,
then—using balsa-wood sticks, clothespins, a meter stick, a fulcrum, and sets of
three numbers—make observations about the center of gravity and the average
of the numbers. Ultimately, they will use their observations to try and predict
the value of the center of gravity.

Teaching

Tell the Students

“We are now going to test to see if the balance point or average really is the
same as the CG in the real world. The first thing we will notice is that, in the
real world, we will have to measure distances. In the math world, we can count
or calculate to get exact values. In the real world, we need to measure, and
measurement is always an approximation.”

Show the students the picture of the meter stick and have them state the
position of the arrow. Note the level of precision is important. This
measurement is correctly, depending on your level of precision, 50 centimeters
when measured to the nearest 10 centimeters, 46 centimeters when measured
to the nearest centimeter, or 46.3 centimeters when measured to the nearest
tenth of a centimeter (nearest millimeter). Ensure that the students understand
that we will be measuring to the nearest tenth of a centimeter, so, for our
experiment, 46.3 cm is correct.

11 East 26" Street, New York, NY 10010 momath.org 9
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Instruct the students to create a workspace at the table, assign roles within the
group, and complete the experiment described in the Group Task document.
The first task and the beginning of the second group task are best

delivered as a guided activity with the teacher demonstrating and the students
completing the task and measuring with their own equipment. It is important
that you take the students through the first prediction and encourage them to
use evidence to make the prediction. After that, let the students, in their groups,
complete the remaining group tasks on their own.

Finish this activity by giving the groups time to carefully record their group
answers to the discussion questions on both the front and back sides of the
Group Task document.

Notes

It is important to demonstrate practices that will result in the best precision in
measurement. Ask the class for suggestions about how to make the
measurements more precise. Student ideas may include the following:

use the center-line mark on the fulcrum as the location of the CG;
always measure with the marked end of the balsa-wood stick lined up
with the zero on the meter stick;

< mark the CG on the meter stick with a pencil before you take it off the
fulcrum to measure.

R/ R/
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The students will know what it means to create a hypothesis from their science
class, so recall this when talking to them about predicting the location of the
CG. You will need to teach and model articulating and justifying a prediction.

10
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Activity 3 [30 minutes]

Overview
In this activity, the teacher will lead a discussion that will resolve the questions:

% Why was the CG different from the average of the numbers in the first
two data sets?

What is causing this difference?

Why was the CG very close to the average of the numbers in the third
data set?

% How can math help us resolve this conflict between what we expect and
what we observe?

Teaching
Distribute the /ndividual Understanding documents to each student.

By asking the questions above, have the students recall their group’s results
from the previous activity and offer their theories. You can expect that
students will cite—among other ideas—precision, density of the clothespins and
the balsa wood, and ultimately the weight of the balsa-wood stick as the cause
of their inability to accurately predict the location of the CG by just using the
average of the numbers on their lists.

Ask the students to further consider how we might account for the weight of
the stick in our calculation. Explain that, in the world of mathematics, we can
consider that the balsa-wood stick represents another clothespin because one
clothespin and one stick weigh about the same. Thisis like having a new, virtual,
invisible clothespin somewhere on the stick. But where?

(Following this lesson, you might ask your students, “In what other situations
does math allow us to see something that is otherwise invisible?”).

The following diagram uses the data from the first data set on the student
Group Task document. Use this diagram, or one like it, to assist the explanation.
The black arrows indicate the clothespins pushing down in the stick. The red
arrow indicates the weight of the stick pushing down at its original center of
gravity—when the stick was empty. This is like us supporting other objects, like
the shovel in the earlier activity, at their center of gravity.

11
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That is, we can consider that all the weight of the stick is located at the stick’s
CG. This must be the location of our new, virtual clothespin! The numbers in
the diagram represent the distances from the left end of the stick. Note that
the distance marking the stick’s CG is only an example. This is a measurement,
and yours may be different.

L @ @ Q @ @ @

10 20 45.3 60
Using this diagram, we can now see that to find the new center of gravity
(marked in green in the diagram) we need to calculate a new average with four

numbers instead of three. Here is an example of the calculation for the values
in the first data set. This is a simple calculation of the average of four numbers.

10+20+60+45.3
4

Take the students through this calculation using the templates on the Individual
Understanding 2 document (page 18) and the accompanying annotated
diagram for the teacher (page 19). Note that these templates also account for
the frequency of each data value. In other words, there is one clothespin at 10
cm, so we multiply 10 by 1, and so on. The calculation now looks like

lel0+1020+1060+1045.3
I+1+1+1

~33.8

~33.8

The calculation of this new average will be much closer to the CG that the
students measured when they first worked with this data set. In addition,
including frequency in the explanation will allow students to more easily
understand the next step of the process, in which we make our calculation even
more accurate. Show the students how to increase their accuracy by noting
that the weight of the stick is actually about 1.3 times the weight of a clothespin.
How will this change our calculation? Our stick is about 1.3 clothespins.

12
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]el0O+1020+1060+1.3045.3
I+1+1+1.3

~34.6

You can see this calculation differs from the previous one only in that we have
changed the frequency of the value for the stick from 1to 1.3: The weight of
the stick has the same effect on the measured center of gravity as 1.3
clothespins would.

For closure, have the students complete the vocabulary matching and the three
guestions on the Individual Understanding document. The activity ends with a
large class discussion of the original question to the groups:

“Is the balance point an accurate term to use for the average of a set of
numbers?”

Notes

If you show the students the Simone Biles video, you can explain that a
mathematician would map Simone’s movement by simply tracking the point at
her CG. A mathematician reduces a person to a single point! For our CG
experiment, we are reducing a balsa-wood stick to a clothespin, and all our
clothespins now represent numbers on a weightless stick. Remind the students
that, while weightless sticks do not exist in the real world, they are very
important tools in the world of mathematics. You can recall the original
diagram when we calculated the average of 3, 4, and 1. Those were weightless
points, balanced on a weightless stick!

Lesson Extension Activities

% Challenge the students to make accurate predictions of the CG by using
the smaller 1.75” clothespins. What new information would we need?

% Using four and then five clothespins, challenge the students to create
data sets with four or five items in which the CG is a given value. For
example, Create and test a data set with four values in which the CG with
the clothespins is the same as the CG without the clothespins.

13
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% Expand the final discussion at the end of the lesson by asking the
students to come up with arguments for both negative and affirmative
responses to the question, “Is the balance point an accurate term to use
for the average of a set of numbers?” The teacher can then call four or
five students up to the front of the class for a Point/Counterpoint Lineup.
The first student has one minute to justify an answer of either yes or no.
The second student then has one minute to justify the opposite answer
in a direct reply to the first student’s argument. The third student has a
minute to counter argue the second student. Continue down the line.

14
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Group Task: Balance Point and the Center of Gravity

In this experiment you will be reading, recording, calculating, measuring, and
balancing. Make sure at least one student in your group is prepared to do each
of these things. For example, the student who is recording needs to have a
pencil out and ready, and the student who is calculating needs to have a
calculator ready. Everyone in the group will be a THINKER.

Follow the instructions to answer this question: Is the balance point an
accurate term to use for the average of a set of numbers?

You will perform the same experiment three times and make notes about what
you observe. Finally, each of you will individually will have to explain your
answer to the question above.

Experiment

1. Use the fulcrum to find the center of gravity of your balsa-wood stick. Use
your meter stick to carefully measure the Stick CG as the distance in
centimeters from the marked end of the stick to the point on the stick where
it balances on the fulcrum. Record the distance to the nearest tenth of a
centimeter.

Now for each of your data sets (record your data in the space provided on

the second page of this Group Task Sheet.

2. Calculate the average of the numbers in your data set.

3. Place the balsa-wood stick alongside the meter stick with the marked end
of the balsa wood aligned with the zero-centimeter mark on the meter stick.

4. For each number in the data set, clip the clothespin on the balsa wood at
the corresponding number of centimeters from the marked end.

5. Together predict the location of the new CG.

6. Carefully find and record the new actual CG.

After completing the above for all three data sets, answer the following
guestions as a group. Be ready! The teacher will choose one of you to be
called on to share your answers with the whole class.

What conclusion can you make about any differences between your predictions and
the actual CG?

How might the original CG of the empty balsa wood stick be related to this
problem?

15
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Group Task Data: Balance Point and the Center of Gravity

The Stick CG is centimeters from the marked end of the stick.

Data Set #1

What is th ?
(10, 20, 60 | atis the average

What value does your group predict for the CG?

Where is the actual CG?

Discuss and then record your groups observations. Was your prediction correct?
Why not?

Data Set #2

| 3,10 30 | What is the average?

What value does your group predict for the CG?

Where is the actual CG?

Discuss and then record your groups observations. Was your prediction correct?
Why not?

Data Set #3

What is the average?

|32,46,60 |

What value does your group predict for the CG?

Where is the actual CG?

Discuss and then record your groups observations. Was your prediction correct?
Why not?

16
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Individual Understanding 1: Balance Point and the Center of Gravity

Match the vocabulary words with their definitions.

Vocabulary

1.

2.

3.

10.

.

12.

balance point
center of gravity
torque
average
precision
prediction
calculate
measure
fulcrum
equilibrium
math world

real world

Descriptions
A. The mean value of data values that is calculated by taking the sum

B.

C.
D.

of the data and dividing it by the number of data items.

A measurement that indicates the tendency of an object to twist
or move in a circle.

A term used to describe the average of a list of numbers.

To use arithmetic and algebra to solve a mathematical problem
and get an exact, numerical answer.

To use a physical device to find out how large a physical object is
or how much time passes as an object moves.

To use evidence and observations to formulate a hypothesis
about what may happen when an experiment is repeated.

A state of balance when an object is not moving because the sum
of the forces acting on it is zero.

The location of the average weight of an object; the point at which
all the weight can be supported.

A quality that indicates the level of accuracy in a measurement or
calculation. How careful were you?

The world in which we think, the abstract world that is used to
both explore big ideas and model the real world.

The world in which we live and all the objects and people in it.

One definition is missing. Write the word and your own definition for it here:

Answer the following three questions at the end of the lesson.

1.

Calculate (without actually measuring!) the center of gravity obtained by placing

clothespins at the following centimeter marks on your group’s stick: 57, 62, and 81.
Show your work and circle your answer. Don’t forget to use your Stick CG in the

calculation!

2. lIs the balance point in the math world equal to the center of gravity in the real
world? Explain why or why not. Answer in complete sentences.
3. What is a real-world problem that you know math helps us solve? How is math so

helpful if it's different from the real world? Answer in complete sentences.

17
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Individual Understanding 2: Balance Point and the Center of Gravity

How to include the weight of the stick in the calculation of center of gravity: Calculation Template

(Ix_ )+(Ix__)+(Ix__ )+(__x_ )

(1+1+1+_ )

(Ix_ )+(Ix__)+(Ix__ )+(__x_ )

(1+1+1+_ )
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CG Calculation Template, Explanation for the Teacher

How to include the weight of the stick in the calculation of the center of gravity.

Numbers from the data
set: These numbers also
represent the locations of
clothespins on the stick.

The location of the original
Stick CG: This represents the
location of our virtual
clothespin.

Ix )+ (1x +(Ix ")+ (1*x

1+1+ii53

explained in the lesson plan, this 1* will change to 1.3.

Each 1in this calculation represents the frequency of each data point (or clothespin). For our
experiment, this is always 1. However, note that the balsa-wood stick (our 4™ data point) actually
has a weight that is about 1.3 times the weight of a clothespin. Therefore, for the final calculation

19
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